Krukenberg showed that k(3) = 36 and k(4) ≤ 60, and he claimed without proof that k(4) = 60. He also showed k(5) ≤ 108. The work of Krukenberg, Choi, Morikawa, Gibson, and Nielsen gives us upper bounds for k(n) when n ≤ 40.
We prove that the system described in (1) is extreme in the sense that for any other distinct covering system, the ratio of the largest modulus to the least modulus is greater than 6. Theorem 1. (Filaseta, T., Yu) k(n) > 6n for all n > 2.
Theorem 1 is a result of a joint work with Gang Yu and Michael Filaseta.
Theorem 2. k(4) = 60.
Krukenberg claimed in his dissertation k(4) = 60, writing that the "result yields to a consideration by cases", but he never published a proof.
Note that in our example of a covering the moduli were the divisors of 12 which are at least 2. We are also interested in constructing coverings such that the least modulus is fixed and the LCM of the moduli is as small as possible. For every integer 2 ≤ n ≤ H define ℓ(n) as the least positive integer such that there exists a covering whose moduli are the divisors of ℓ(n) which are at least n.
Clearly, ℓ(n) ≥ k(n), so ℓ(2) = 12. We also prove, The value of k(5) remains unknown but it is likely that k(5) = 108. One can show that k(5) ≥ 84 but the result is too weak and the proof too long to be included here. Also, it is likely that the methods used in this paper will yield the value of ℓ(5).
Notation
We will denote the congruence x ≡ r (mod n) by (n, r). Also, for any finite set of congruences C = {(n i , r i ) : i = 1, . . . , k} we denote L = L (C) = LCM[n 1 , n 2 , . . . , n k ]. Denote the set of integers covered by one or more congruences in C by D(C), and the set of integers not covered by any of the congruences in C by R(C). Clearly, if a ∈ R(C), and a ≡ b (mod L (C)), then b ∈ R(C).
Unless stated otherwise, n 1 will denote the least modulus of the covering system. Also, we say that a covering C is minimal if no proper subset of C is a covering.
Finally, when n > 1 is an integer, we denote by ω(n) the number of distinct prime divisors of n.
On the numbers k(n)
One useful tool to reduce the size of a covering system is the following lemma which was stated by Krukenberg.
Lemma 1. Let C be a minimal covering (where some moduli may be equal) and let p be a prime. Suppose p α ||L (C) with α a positive integer. Let C ′ be the subset of congruences in C whose moduli are not divisible by p α , and let C ′′ be the subset of congruences in C whose moduli are divisible by p α .
Then: (i) |C ′′ | ≥ p, that is C ′′ contains at least p congruences.
(ii) Suppose |C ′′ | = p and let C ′′ be {(p α m 1 , r 1 ), (p α m 2 , r 2 ) · · · , (p α m p , r p ).}. Then, one can find a congruence C ′′′ with a modulus p α−1 LCM[m 1 , . . . , m p ] such that C ′ ∪ C ′′′ is a covering.
Proof. (i) Since C is a minimal covering, there exists an integer a ∈ R(C ′ ). Then the p integers a, a + L(C ′ ), . . . , a
are all in R(C ′ ), and belong to distinct residue classes modulo p α . Since each congruence in C ′′ covers a part of a single residue class modulo p α , we need at least p congruences in C ′′ .
(ii) We claim that each of the congruences (p α−1 m i , r i ), i = 1, . . . , p covers R(C ′ ). Assume the opposite, say (p α−1 m 1 , r 1 ) does not cover R(C ′ ). Let a be an integer in R(C ′ ) which does not satisfy 
Lemma 2. (Rosser and Schoenfeld)
We have
and ln ln
where B is a constant.
Proof. Assume there is a distinct minimal covering with all moduli in [n, 6n] for some integer n ≥ 3. By Corollary 1, if m is one of the moduli in this covering, then P (m) < √ 6n, where P (m) denotes the largest prime factor of m. Our strategy will be to prove S :=
First, note that if l is a positive integer then
(just compare the areas of the regions below y = 1/(l + 1), y = 1/x, and y = 1/l over the interval [l, l + 1]). Thus, if k < l are positive integers, we have
(we need k > 1 for the upper bound), and if 1 < a < b − 1 are real numbers, then
Let
Next, using (6) and (4) we get
Using (2) and (3) we get (for n ≥ 286)
Similarly,
Also, using (5) we obtain
. Combining all pieces we get S < f (n) := ln(6)(1 − ln(2)) + ln n n − 1 + (ln 6 − 1.5) ln ln(6n) ln n + 0.5 ln ln(6n) ln(3n) + + 1 ln n + 2 ln(6) + 0.5 ln 2 (6n) + ln(6) + 4.5 2 ln 2 n + 1 4 ln 2 (3n) .
The function f (n) is a decreasing function. Also, f (500) = .981741 . . . < 1 (f (x) − 1 changes sign in the interval (409, 410)). So, we are done when n ≥ 500. Next, consider the case n < 500. Here, we compute S 0 := 6n m=n 1 m , S 1 and S 2 using MAPLE. For all n ∈ [10, 500], S 0 − S 1 − S 2 < 1. For n ∈ [4, 9] we use Theorem 2, that there is no covering with distinct moduli, all in the interval [4, 59] . Finally, for n = 3 we use Krukenberg's result that there is no covering with distinct moduli, all in the interval [3, 35] .
To prove Theorem 2 we need another tool, "reduction of a covering". For example, since (1) is a covering, every multiple of 3 satisfies one or more of the congruences of (1). If we substitute 3m for x and solve the resulting congruences, we get the covering (2, 1), (4, 2) , (4, 0) . Similarly, if we substitute 3m + 1 for x we get the covering (2, 0), (4, 3) , (2, 1) . Finally, if we substitute 3m + 2 for x we get the covering (2, 1), (4, 0), (1, 0) . Thus, out of one covering we get three coverings, where the moduli not divisible by 3 (in this example they are 2 and 4) are used in all three coverings, and the moduli divisible by 3 (these are 3, 6, 12) get reduced to 1, 2, 4 respectively, but each of them can be used just once in one of the three coverings.
One further remark: Suppose we substitute km + l for x and solve all congruences in a covering system for m. Let (m 1 , r 1 ) and (m 2 , r 2 ) be two congruences from the covering such that r 1 ≡ r 2 (mod a) for certain positive integer a such that a|m 1 and a|m 2 . Let (m 
(mod a). In other words, if two congruences are in the same class modulo a, then the "reduced" congruences are in the same class modulo a when gcd(a, k) = 1.
Also, when we state "there is no covering using (4, 4, 8, 8, 8 )" we mean that there is no covering where two congruence are modulo 4 and three congruences are modulo 8, i.e. the moduli are exactly the numbers in the list.
We will also need a lemma in the spirit of Lemma 1.
Lemma 3. Let M = {m 1 , . . . , m k } be a finite list of positive integers and let the set of congruences C = {(m 1 , r 1 ), . . . , (m k , r k )} be a covering. Furthermore, let p be a prime, and let m 1 , . . . , m l be the moduli in M divisible by p. If r 1 , . . . , r l is not a complete residue system modulo p, then there exists a covering with moduli m l+1 , . . . , m k .
Proof. Suppose the integer a is incongruent modulo p to each of the integers r 1 , . . . , r l . Then, solving the congruences pt + a ≡ r s (mod m s ) for s = 1, . . . , k produces the desired covering.
Proof. In [8] , Krukenberg constructed a covering system with moduli in [4, 60] . We show an example of a covering system with distict moduli in [4, 59] and an extra modulus 180. It is (4,3), (8, 5) , (6, 2) , (12, 1) , (24,17), (16,9), (48,33), (9,7), (18,4), (36,10), (5, 4) , (10, 8) , (15,0), (20, 12) , (30,6), (40,22), (45,10), (7, 6) , (14,12), (21,18), (28,10), (35,2), (42,36), (56,42), and (180, 136).
Next, we show that there is no covering with moduli in [4, 59] . Assume the opposite, that there exists a covering C with distinct moduli in the interval [4, 59] . Without loss of generality we can assume that C is a minimal covering.
Since 2 5 · 3 > 59, 3 3 · 4 > 59, 5 2 · 6 > 59, and 11 · 12 > 59, using Corollary 1 we get
So, the moduli of C are in {4, Suppose this covering is We put a * behind each of the moduli which can be used just once. We can assume that 2 * (or more precisely, the congruence modulo 2) is in C 1 . Next, note that we have four moduli which are multiples of 3, these are in R 1 := {3 * , 6 * , 12 * , 15 * }, and by Lemma 1 all four congruences with these moduli should go to the same covering. We claim that the congruences with moduli in R 1 are not in C 1 . Assume that R 1 is in C 1 . Then C 2 and C 3 have to split the moduli 4 * , 8 * , 8 * , 5 * , 10 * , 40 * . Both C 2 and C 3 need at least one of 5 * , 10 * , 40 * . Otherwise, only 4 of the moduli in C 2 or C 3 will be multiples 5 and can be discarded by Corollary 2. Then there will be only the moduli 4, 8, 4 * , 8 * , 8 * to construct a covering. Since Note Subcase 1. C 3 includes exactly one of 5 * , 10 * .
We will explain shortly why one can assume 10 * is in C 3 . Now, C 
Coverings with fixed least modulus and LCM of the moduli as small as possible
Here we need a geometric/combinatorial approach used by many authors before. Let C be a system of congruences with LCM of the moduli L. Suppose the prime factorization of L is p
be one of the congruences in C. Then, the prime factorization of n is p
By the Chinese Remainder Theorem, the congruence x ≡ r (mod n) is equivalent to the k congruences x ≡ r (mod p fj j ), j = 1, . . . , k. We will record the congruence as a "point in k-dimensional space" as follows: in position j we write * if f j = 0; otherwise we reduce r modulo p fj j and record the f j base p digits of the remainder in reverse order.
For example, if L = 60, x ≡ 7 (mod 12) becomes (11, 1, * ) since 7 ≡ 3 (mod 4), 7 ≡ 1 (mod 3), and 5 does not divide 12.
Another example: The covering (1) becomes (1, * ), ( * , 2), (01, * ), (0, 1), (00, 0). The geometric/combinatorial interpretation of coverings is pretty easy. For example, if L = p e q f r g where p, q, and r are distinct primes, the problem of constructing a covering by using certain divisors of L is equivalent to the problem of covering all lattice points in the box {(x, y, z)|0 ≤ x < p e , 0 ≤ y < q f , 0 ≤ z < r g } by the geometric objects (point, line(s), or plane(s)) corresponding to the congruences with given moduli. One advantage of the notation we introduced is that the following lemma becomes easy to prove.
Lemma 4. Let C be a covering with LCM of the moduli L, and let q be a prime such that q α ||L.
Suppose p is a prime which does not divide L, and p is less than q. Then, one can construct a covering
Moreover, if C is a distinct covering, so is C 1 , and if n 1 is the least modulus of C, the least modulus of C 1 is at least min(n 1 , p).
Proof. Let q be the j-th prime in the prime factorization of L. We keep in C 1 the congruences in which all base q digits in the j-th component are ≤ p − 1 with no change, and discard the remaining congruences. In the congruences which survived, we interpret the j-th component modulo p. It is clear that the new covering has the desired properties. (001, * ), (0001, * ), (00, 2), (000, 1), (0000, 0). Next, we turn to Theorem 3. Erdős constructed a covering C with least modulus n 1 = 3. Krukenberg [8] constructed a covering C with least modulus n 1 = 3 , L(C) = 120, not using the moduli 40 and 120. Here is a covering with the above properties (11, * , * ), (101, * , * ), ( * , 2, * ), (0, 1, * ), (100, 1, * ), (10, 0, * ), ( * , * , 4), (0, * , 3), ( * , 0, 2), (0, 0, 1), (01, * , 0), (00, 0, 0).
Proof of Theorem 3
We need to show that if n is less than 120 there is no covering having as moduli only distinct divisors of n which are at least 3. Since the only n up to 120 for which (vii) there is no covering with n 1 = 4, and
Thus, by the work of Krukenberg there is no covering with n 1 = 3, and L = 24, or 36, or 48, or 72, or 96, or 108. What is left is to consider the cases when n 1 = 3 and L = 60, or 84, or 90. By Lemma 3, if there is a covering with n 1 = 3 and L = 84, then there is a covering with n 1 = 3 and L = 60.
To finish the proof we need to show that there is no covering with n 1 = 3 and L = 60 or L = 90. First, assume that there is a covering C with n 1 = 3 and L = 60. Then, the moduli of the congruences are 4, 3, 6, 12, 5, 10, 20, 15, 30, and 60. Let us reduce modulo 3. We have to construct three coverings with shared moduli: 4, 5, 10, 20, and moduli used by just one covering: 1 * , 2 * , 4 * , 5 * , 10 * , 20 * . Consider the covering, say C 1 which does not include 1 * , and includes at most one of 5 * , 10 * , and 20 * . It's moduli are 4, 5, 10, 20, some of of 2 * , 4 * , and at most one of 5 * , 10 * , 20 * . We can drop all moduli which are multiples 5 (there at most four of them). Thus C 1 includes both 2 * and 4 * . Let, C 2 be the covering including 1 * . Then C 3 has moduli 4, 5, 10, 20, 5 * , 10 * , 20 * . The sum of the reciprocals of these moduli is .95 < 1, so a covering with with n 1 = 3 and L = 60 does not exist.
Finally, assume that there is a covering C with n 1 = 3 and L = 90. Then, the moduli of the congruences are 3, 6, 9, 18, 5, 10, 15, 30, 45, and 90. Let us reduce modulo 5. We have to construct five coverings with shared moduli: 3, 6, 9, 18, and moduli used by just one covering: 1 * , 2 * , 3 * , 6 * , 9 * , 18 * . Consider the two coverings that do not contain 1 * , 2 * , 3 * . Since the sum of the reciprocals of 3, 6, 9, 18 is 2/3, both coverings need all three moduli 6 * , 9 * , 18 * . Thus, covering with with n 1 = 3 and L = 90 does not exist.
Krukenberg [8] constructed a covering C with n 1 = 4 and L(C) = 360. Here is a covering which uses as moduli all divisors of 360 which are ≥ 4, except 360. It is (11, * , * ), (101, * , * ), (0, 2, * ), (100, 2, * ), (01, 1, * ), ( * , 02, * ), (0, 01, * ), (100, 01, * ), (10, 00, * ), ( * , * , 4), (0, * , 3), (100, * , 3), (00, * , 2), ( * , 1, 0), (0, 1, 1), (10, 1, 1), (100, 1, 2), ( * , 00, 0), (0, 00, 1), (01, 00, 2).
Proof of Theorem 4
We need to show that if n is less than 360 there is no covering using only distinct divisors of n which are at least 4. Since the only n up to 360 for which d|n,d≥4 1 d ≥ 1 are 120, 168, 180, 240, 252, 280, 288, 300, and 336 we only need to examine these values of n. Since, 120|240, it is sufficient to show that 240 does not work. Using Lemma 4 we can reduce the cases n = 168 = 2
to n = 120, n = 180, n = 240 respectively. By Lemma 5, n = 288 = 2 5 3 2 does not work either.
Let us consider the case n = 280. The sum of the reciprocals of the divisors of 280 which are at least 4 is 1.0714 . . .. However the congruences modulo 4, 5, and 7 cover a portion of the integers with density 1 − Next, let n = 300. The sum of the reciprocals of the divisors of 300 which are at least 4 is 1.06. However the intersection of the congruences modulo 4, 5, and 15 is at least 1 15 = .0666 . . .. Therefore, there is no covering with n 1 = 4 and L = 280.
We are left with two remaining cases n = 180 and n = 240. We consider them in two lemmas.
Lemma 6. There is no distinct covering with n 1 = 4 and L = 180.
Proof. Assume that C is a covering with moduli 4, 6, 12, 9, 18, 36, 5, 10, 20, 15, 30, 60, 45, 90, and 180. Let S be the set of congruences with moduli 4, 6, 12, 9, 18, 36. Note that d(S) ≤ 2 3 ( the sum of the reciprocals of the moduli is 25 36 but the congruences modulo 4 and 9 intersect). Next, reduce modulo 5. We need to construct five coverings with common moduli 4, 6, 12, 9, 18, 36 and moduli used by just one covering: 1 * , 2 * , 4 * , 3 * , 6 * , 12 * , 9 * , 18 * , 36 * .
Consider the three coverings containing 1 * , 2 * , 3 * . One can see that either 2 * and S do not form a covering or 3 * and S do not form a covering. Otherwise R(S) is inside a residue class modulo 2 and a residue class modulo 3, that is, inside a residue class modulo 6. This is not possible since r(S) ≥ 1/3. Thus, the three coverings containing 1 * , 2 * , 3 * contain at least one more congruence. We can assume it has modulus 36 * (all other * moduli are divisors of 36). So, the fourth and fifth covering need to split 4 * , 6 * , 12 * , 9 * , 18 * . Now, . Recall, that r(S) ≥ 1/3. Thus, the only possible way to construct the remaining two coverings is if one takes 4 * and 12 * and the other, 6 * , 9 * , 18 * . Therefore we need to be able to construct a covering using the moduli in the list, 4, 6, 12, 9, 18, 36, and 4, 12. By Lemma 1, we can replace 9 * , 18 * , 36 * by 12. Now, the sum of the reciprocals of the moduli is less that one, so it is not possible to construct at least one of the five coverings we needed to construct.
Lemma 7.
There is no distinct covering with n 1 = 4 and L = 240.
Proof. Assume the opposite, that there is a covering C = {(n, r n ) | n ∈ {4, 8, 16, 6, 12, 24, 48, 5, 10, 20, 40, 80, 15, 30 , 60, 120, 240}}. We introduce notation for some of the parts of C. Let C 2 = {(n, r n ) | n ∈ {4, 8, 16}}, C 3 = {(n, r n ) | n ∈ {6, 12, 24, 48}}, C 5 = {(n, r n ) | n ∈ {10, 20, 40, 80}}, and C 15 = {(n, r n ) | n ∈ {15, 30, 60, 120, 240}}. Also, let R = R(C 2 ) ∩ {0, 1, 2, . . . , 15}. Thus, R is a set of 9 integers between 0 and 15. Let R 0 = R ∩ {x ≡ 0 (mod 2)} and R 1 = R ∩ {x ≡ 1 (mod 2)}.
For each r ∈ R denote by a 3 (r) the number of residue classes modulo 48 of the form x ≡ r (mod 16), x ≡ i (mod 3), which are covered by C 3 . One way to visualize this is that the residue class r (mod 16) splits into three fibers modulo 48. a 3 (r) counts how many of these fibers are covered by C 3 .
Similarly, for each r ∈ R denote by a 5 (r) the number of residue classes modulo 80 of the form x ≡ r (mod 16), x ≡ j (mod 5), which are covered by C 5 .
Then, the number of residue classes modulo 240 which are not covered by any of the congruences in C 2 , C 3 , C 5 , nor by the congruence (5, r 5 ) is
Note that the congruences in C 15 can cover at most 5 residue classes modulo 240 which are ≡ r (mod 16). Thus, for each r ∈ R we have (3 − a 3 (r))(4 − a 5 (r)) ≤ 5. Clearly, (3 − a 3 (r))(4 − a 5 (r)) = 5. So, for each r ∈ R we have (3 − a 3 (r))(4 − a 5 (r)) ≤ 4.
Furthermore, for each r ∈ R, if a 3 (r)a 5 (r) = 0, then a 3 (r)a 5 (r) ≥ 2.
One more observation: Suppose r 1 ∈ R, r 2 ∈ R, and r 1 ≡ r 2 (mod 2). Then the number of residue classes modulo 240 which are either ≡ r 1 (mod 16) or ≡ r 2 (mod 16) and can be covered by C 15 is at most 6. Indeed, (15, r 15 ) can cover at most 2 such classes, and each of (30, r 30 ), (60, r 60 ), (120, r 120 ), and (240, r 240 ) can cover at most one. So, in this case (3 − a 3 (r 1 ))(4 − a 5 (r 1 )) + (3 − a 3 (r 2 ))(4 − a 5 (r 2 )) ≤ 6.
We can rewrite (7) as
where
O measures the amount of overlap between C 3 and C 5 . Ideally, we want O to be smal (cover one set of r's by C 3 and a different set of r's by C 5 ), while S 3 and S 5 are large, that is, cover a lot without much overlap. Al least in the case of this lemma, this proves impossible.
Next, we get bounds for S 3 and S 5 . For n ∈ {2, 4, 6, 8} define M n = max 0≤j<n |{R ∩ {x ≡ j (mod n)}}|. Note that M n is the size of the largest portion of R in a residue class modulo n. Then, the congruence (6, r 6 ) can contribute at most M 2 to S 3 , the congruence (12, r 12 ) -at most M 4 , etc.
Thus,
Also, the number of residue classes which are ≡ r (mod 16) for some r ∈ R and can be covered by C 15 does not exceed 9 +
In certain sense, D 3 , D 5 , and D 15 measure the difference between the largest amount we could possibly cover, and what we cover in reality with C 3 , C 5 , and C 15 respectively. For example if R consists of 1 class r such that r ≡ 0 (mod 16), and 8 classes r 1 such that r 1 ≡ 0 (mod 16), then if we have a congruence (6, r 6 ) with r 6 ≡ 0 (mod 2), then D 3 ≥ 7 (we could have covered 8 residue classes and covered just 1 instead.)
Using (11), we get
Since, M 4 ≤ 4, M 8 ≤ 2, and M 16 ≤ 1, we obtain
Next, we consider several cases, depending on the structure of C 2 .Without loss of generality we can assume r 4 ≡ 0 (mod 2). Indeed, if {(n, r n )|n ∈ L}, where L is a list of moduli, is a covering, then for any integer A, {(n, r n + A)|n ∈ L} is also a covering.
Case I. r 8 ≡ r 16 ≡ 1 (mod 2).
In this case, |R 0 | = 4, |R 1 | = 5, and M 2 = 5. From (12) we get 0
and O ≥ 0, we get a contradiction. There is no covering in Case I.
Case II. r 8 ≡ 1 (mod 2) and r 16 ≡ 0 (mod 2).
In this case, |R 0 | = 3, |R 1 | = 6, and M 2 = 6. From (12) we get 5 ≥ 4D 3 +3D 5 +D 15 +O. Thus, D 3 ≤ 1 and D 5 ≤ 1. Hence, r 6 ≡ 1 (mod 2) and r 10 ≡ 1 (mod 2). We obtain that a 3 (r) ≥ 1 and a 5 (r) ≥ 1 for all r ∈ R 1 , so O ≥ 6, a contradiction in this case, too.
Case III. r 8 ≡ 0 (mod 2) and r 16 ≡ 1 (mod 2).
In this case, |R 0 | = 2, |R 1 | = 7, and M 2 = 7. From (12) we get 13 ≥ 4D 3 + 3D 5 + D 15 + O. Therefore D 3 ≤ 3 and D 5 ≤ 4. Again, r 6 ≡ r 10 ≡ 1 (mod 2). So, a 3 (r) ≥ 1 and a 5 (r) ≥ 1 for all R ∈ R 1 . By (9), a 3 (r)a 5 (r) ≥ 2 for all r ∈ R 1 . Therefore, O ≥ 14, so a covering does not exist in this case, too.
Case IV. r 8 ≡ r 16 ≡ 1 (mod 2).
Here, |R 0 | = 1, |R 1 | = 8, and M 2 = 8. So, R 0 = {r 0 } where r 0 ∈ {0, 2, 4, 6}.
In this case, we can cover a lot with C 3 and C 5 but the overlap between them is too big and again, we fall short of constructing a covering.
First, note that we get a 3 (r ′ 1 ) ≥ 2. Thus, r 6 ≡ r 12 ≡ 1 (mod 2). So, a 3 (r 0 ) ≤ 2. We proved above that a 3 (r 0 ) ≥ 1, so a 3 (r 0 ) ∈ {1, 2}.
Assume that a 3 (r 0 ) = 1. Then (8) implies a 5 (r 0 ) ≥ 2, so r 40 ≡ r 80 ≡ 0 (mod 5). Hence, a 5 (r) ≤ 2 for all r ∈ R 1 . This implies (3 − a 3 (r 1 ))(4 − a 5 (r 1 )) ≥ 4. Also, (3 − a 3 (r 0 ))(4 − a 5 (r 0 )) = 4. Thus, (3 − a 3 (r 1 ))(4 − a 5 (r 1 )) + (3 − a 3 (r 0 ))(4 − a 5 (r 0 )) ≥ 8, which contradicts (10) .
So, a 3 (r 0 ) = 2, and r 24 ≡ r 48 ≡ 0 (mod 2). Next, let R Then (3 − a 3 (r * 1 ))(4 − a 5 (r * 1 )) ≥ 4. By (10) we get ((3 − a 3 (r 0 ))(4 − a 5 (r 0 )) ≤ 2. Thus, a 5 (r 0 ) = 2, and r 40 ≡ r 80 ≡ 0 (mod 2).
We have allocated all congruences in C 3 and C 5 to R 0 and R 1 (both R 0 and R 1 get two congruences from C 3 and two from C 5 ).
Since M 2 = 8, (12) becomes 21 ≥ 4D 3 + 3D 5 + D 15 + O.
However, D 3 ≥ 1, since (24, r 24 ) covers just one class modulo 48, and D 5 ≥ 1 since we did not use (40, r 40 ) in the most efficient way either.
Also, a 3 (r)a 5 (r) = 0 for all r ∈ R, so by (9) a 3 (r)a 5 (r) ≥ 2 for all r ∈ R, and O ≥ 18. Substituting in (13) we get 21 ≥ 4 + 3 + 18, a contradiction.
This concludes the proof of Theorem 4.
Concerning l(5), Krukenberg [8] constructed a covering with n 1 = 5 and L = 1440. Whether l(5) = 1440 is an open question.
One can also try to minimize the number of prime divisors of L when n 1 is fixed. Krukenberg showed that it is possible to construct a covering with ω(L) = 2 when n 1 = 2, 3, or 4, but it is not possible to do so when n 1 is at least 5. He also constructed coverings with ω(L) = 3 when n 1 = 5, 6. It is not known whether there exists a covering with n 1 = 8 and ω(L) = 3.
